1 Quantum-enhanced measurements use highly non-classical quantum states in order to enhance the sensitivity of the measurement of classical quantities, like the length of an optical cavity [1] . The major goal is to beat the standard quantum limit (SQL), i.e. a sensitivity of order 1/ √ N, where N is the number of quantum resources (e.g. the number of photons or atoms used), and to achieve a scaling 1/N, known as the Heisenberg limit. Doing so would have tremendous impact in many areas [2, 3, 4] , but so far very few experiments have demonstrated a slight improvement over the SQL [5, 6, 7] . The required quantum states are generally difficult to produce, and very prone to decoherence. Here we show that decoherence itself may be used as an extremely sensitive probe of system properties. This should allow for a new measurement principle with the potential to achieve the Heisenberg limit without the need to produce highly entangled states.
Quantum-enhanced measurements use highly non-classical quantum states in order to enhance the sensitivity of the measurement of classical quantities, like the length of an optical cavity [1] . The major goal is to beat the standard quantum limit (SQL), i.e. a sensitivity of order 1/ √ N, where N is the number of quantum resources (e.g. the number of photons or atoms used), and to achieve a scaling 1/N, known as the Heisenberg limit. Doing so would have tremendous impact in many areas [2, 3, 4] , but so far very few experiments have demonstrated a slight improvement over the SQL [5, 6, 7] . The required quantum states are generally difficult to produce, and very prone to decoherence. Here we show that decoherence itself may be used as an extremely sensitive probe of system properties. This should allow for a new measurement principle with the potential to achieve the Heisenberg limit without the need to produce highly entangled states.
Decoherence arises when a quantum system interacts with an environment with many uncontrolled degrees of freedom, such as the modes of the electromagnetic field, phonons in a solid, or simply a measurement instrument [8] . Decoherence destroys quantum mechanical interference, and plays an important role in the transition from quantum to classical mechanics [9] . It becomes extremely fast if the "distance" between the components of a "Schrödinger cat"-type superposition of quantum states reaches mesoscopic or even macroscopic proportions. Universal power laws rule the scaling of the decoherence rates in this regime [10] and lead to time scales so small that in fact the founding fathers of quantum mechanics postulated an instantaneous collapse of the wave-function during measurement. Only recently could the collapse be time-resolved in experiments with relatively small "Schrödinger cat"-states [11, 12] . However, different superpositions may decohere with very different rates. In particular, if the coupling of the quantum system to the environment enjoys a certain symmetry, entire decoherence-free subspaces (DFS) may exist, in which superpositions of states retain their coherence, regardless of the "distance" between the superposed states. In essence, the symmetry prevents the environment to distinguish the states, such that no information leaks out of the system and the quantum superpositions remain intact.
DFS have found widespread use in quantum information theory after their formulation for
Markovian master equations [13, 14, 15] , experimental demonstration [16, 17, 18] , and once it was realized that quantum computation might be performed inside a DFS [19] . Given the reliance of the DFS on a symmetry in the coupling to the environment, it is clear that for a large "Schrödinger cat"-type superposition prepared in a DFS, the decoherence rate should be extremely sensitive to any changes that modify the symmetry of the coupling. This is the basic idea underlying the new measurement principle which we call "Decoherence-Enhanced
Measurements" (DEM). Two fortunate circumstances make us believe that this idea may be turned into something of practical relevance. First, while it may seem that DEMs would again require the extremely difficult initial preparation of a highly entangled macroscopic state, surprisingly the Heisenberg limit can be reached with a much simpler to prepare product state of pairs of atoms. Second, the required initial "symmetry" of the coupling to the environment means nothing more but a degenerate eigenvalue of the Lindblad operators in the master equation, or, more generally, of the coupling Hamiltonian of the system to the environment [14] . Actual symmetries in the system (e.g. spatial symmetries) may lead to such degeneracy, but are by no means necessary [20] . The scheme is therefore much more general than it may appear at first sight.
In order to illustrate the concept, we consider N two-level atoms or ions (N even, ground and excited states |0 i , |1 i for atom i, i = 1, . . . , N) localized in a cavity with one semireflecting mirror, and resonantly coupled with coupling constants g i to a single e.m. mode of the cavity of frequency ω. The reduced density matrix ρ of the atoms evolves according to the master equation in the interaction picture
where
describes individual spontaneous emission with rate Γ, while
models collective decoherence,
where g is the average coupling strength over all atoms coupled to the cavity field. The rate γ = g 2 /κ (with κ the single photon cavity decay rate) is independent of N.
Equation (1) is a well-known and experimentally verified [21, 22] master equation which for g i = 1 ∀i and in the bad cavity limit Γ ≪ g √ N ≪ κ describes superradiance [23, 24, 25, 26] .
Due to the spatial envelope of the e.m. mode in resonance with the atoms, the g i depend on the position x i of the atoms along the cavity axis and on the length L of the cavity (the waist of the mode is taken to be much larger than the size of the atomic ensemble),
where . . , N, this DFS is well known [20, 27] . It
l=1 {|t − l , |s l } in which the pair formed by the atoms l and l + N/2 can be in a superposition of the triplet ground state |t − l = |0 l |0 l+N/2 and the singlet
. Consider now the situation where the atoms can be grouped into two sets with N/2 atoms each and coupling constants G 1 in the first set (i ∈ S 1 ≡ {1 . . . , N/2}), and G 2 in the second set (i ∈ S 2 ≡ {N/2 + 1, . . . , N}). One way of obtaining two coupling constants may be to trap the atoms in two two-dimensional lattices perpendicular to the cavity axis (see Fig.1 ). Suppose that after preparing the atoms in a DFS state corresponding to the initial
, the length L of the cavity changes slightly. The coupling constants will evolve,G (0) I →G I ≡ G I /g, and so will the DFS. It is this collective change of the coupling constants which can be revealed very sensitively through the decoherence it induces as the original state becomes exposed to decoherence. The induced decoherence therefore provides for a very precise measurement of the change of the length of the cavity, as we shall show now.
In order to simplify notation we will assume in the followingG
2 (i.e. the atoms are located for instance symmetrically with respect to an antinode of the cavity mode, or at a distance given by an integer multiple of the wavelength of the mode), but we emphasize that everything goes through for different initial couplings, unless otherwise mentioned.
Assume that an initial pure product state of pairs of atoms is prepared in the initial DFS, The atoms are initially prepared in a DFS state relative to a given cavity length. When the cavity length changes slightly, the DFS evolves, and the initial state is exposed to collective decoherence, detectable by photons leaking out through the semi-reflecting mirror at a rate proportional to N 2 .
with |ϕ l l = a l |t − l + b l |s l . The decoherence mechanism (3) is directly linked to photon loss from the cavity. The induced decoherence can be measured through the number of photons n ph which escape through the cavity mirror during a small time interval ∆t. In the superradiant regime considered here (Γ ≪ g √ N ≪ κ), any photon created leaves the cavity immediately, such that the quantum expectation value of n ph is given by
measures total population inversion of the atoms. As long as |ψ 0 resides in the DFS, we have n ph = 0. If the coupling constants undergo slight changes and get replaced by general valuesg i for atom i, a straightforward calculation (see Methods) shows that
which is in general of order N 2 . In particular, if theG I undergo collective changesG for l = 1, 2, . . . , N/2, we have
where δG ≡ (G 1 −G 2 )/2. The term quadratic in N is maximized for |b| = 1/ √ 2, i.e. an equal weight superposition of the two DF basis states |t − l and |s l for each pair of atoms, and gives for N ≫ 1 a signal n ph ≃ γ∆t|δG| 2 N 2 /4. As long as the two lattices are not situated at anti-nodes of the mode, the relation between δG and δL/L is linear to lowest order. If we choose
where we see that δG and δL/L are related by a factor independent of N. Note that the measurement of n ph allows the measurement of δL/L, and not just a detection of a change of L :
. The ultimate sensitivity achievable depends not only on the scaling of the signal n ph with N, but also of the noise, quantified through the standard deviation σ(n ph ) = ( n 2 ph − n ph 2 ) 1/2 . The most fundamental noise associated with the measurement of n ph is its fluctuation due to the quantum mechanical nature of the prepared state. Our approach of calculating initial time-derivatives of observables by tracing them over with the Lindbladian implies n ph ≪ 1, as J − can change the number of excitations by at most 1, and this condition sets an upper bound on ∆t. In this regime, n 2 ph ≃ n ph , and, therefore, σ(n ph ) ≃ n ph . It follows that the signal-to-noise ratio is given by n ph /σ(n ph ) ≃ |δG| √ γ∆t f (N, b). The ultimate sensitivity achievable can be estimated from a fixed n ph /σ(n ph ) of order 1, independent of N, which leads to a
We have thus shown that a precision measurement based on the purely dissipative dynamics (3) and an initial product state can achieve the Heisenberg limit. This is in contrast to unitary dynamics of N independent quantum resources, where the SQL cannot be surpassed when using an initial product state [28] .
In a real experiment there may be additional fundamental noise sources. One obvious concern is spontaneous emission. It is easily verified that L s [ρ 0 ] leads to a contribution
which scales as O(N) and leads to a background signal against which, one might think, the collective decoherence signal J z (0) c has to be com-pared. However, note that spontaneous emission sends photons into the entire open space but not into the cavity, whereas the collective emission escapes exclusively through the leaky cavity mirror. Therefore, the two contributions can be well separated by observing only the photons escaping through the cavity mirror.
Another obvious concern are fluctuations of the coupling constants. In order to measure n ph , the experiment has to be repeated ν times with ν ≫ 1. However, ν is independent of N and only given by the desired signal/noise, or, equivalently, by n ph itself. Increasing 
can be determined independently at δG = 0, and subtracted from the signal; it does therefore not influence the sensitivity of the measurement. The remaining noise δα f fluctuates about zero,
where ∆g i ≡ δg i −δg i+N/2 . Assuming real coupling constants, we find the standard deviation Several interesting cases can be considered:
1. Fully uncorrelated fluctuations, C ij = C i δ ij , where δ ij stands for the Kronecker-delta:
, which is in general of order N 3/2 , and leads back to the SQL. 2 the more general DFS leads to a more complicated condition for the correlations,
Pairwise identical fluctuations between the two sets:
2 = 0, which might be harder to achieve.
3. Correlated fluctuations within a set, but uncorrelated between the two sets, C ij = C for i, j ∈ S 1 or i, j ∈ S 2 , but C ij = 0 for i ∈ S 1 and j ∈ S 2 or vice versa. In this case both sums in (10) survive and lead to a noise of order O(N 2 ), the worst case scenario.
However, this comes to no surprise, as such correlations are indistinguishable from the signal: all the atoms in a given set move in a correlated fashion, but independently from the atoms of the other set. This leads to a collective difference in the couplings, just as if the length of the cavity was changed.
Case (2) To summarize, we have shown for a particular example how the very sensitive dependence of collective decoherence on system parameters can be exploited to reach the Heisenberg limit in precision measurements while using an initial product state -something which is known to be impossible with unitary dynamics [28] . It should be clear that the principle of DEM is far more general than the example exposed here. Decoherence is itself a process in which interference effects play an important role. This is exemplified by the very existence of DFS, and can lead to exquisite sensitivity. One might therefore as well try to exploit these effects instead of trying to suppress decoherence at all costs.
Methods
Derivation of Eq. (6): The commutation relation [J ± , J z ] = ∓J ± , valid for any choice of couplingsg i , allows to rewrite J z (0) c = −2γ ψ 0 |J + J − |ψ 0 . A short calculation yields
l =i |ϕ l l and leads immediately to Eq. (6). Preparation of initial state: In order to prepare the product state (5) it is helpful to use three-level atoms with a lambda structure. Let |0 and the additional state |2 be hyperfine (HF) states, and assume that their energies are split in a sufficiently strong magnetic field, such that only the transition |0 ↔ |1 resonates with the cavity mode. We assume further that the second optical lattice can be moved along the cavity axis, such that controlled pairwise collisions of corresponding atoms in the two lattices can be induced. Entangled pairs of atoms in their HF split ground states can thus be created (for atoms in the same lattice this has been demonstrated experimentally, see [29] for a review). After the creation of an entangled HF state |ψ ′ 0 , that differs from (5) by the replacement of states |1 by states |2 , the second lattice is moved back to its original position. Now one can selectively excite the |2 states by a laser pulse in resonance with the |2 ↔ |1 transition, that replaces the singlets in the (very long lived) HF states by the desired singlets of the |0 and |1 states and thus produce the product state (5). However, as such, the method is not of much practical use yet, as it will be virtually impossible to park the second lattice at the exact position corresponding to coupling constants which render the state (5) decoherence free.
The extreme sensitivity of the collective decoherence with respect to changes of the coupling constants plays against us here, and will lead to a superradiant flash of light from the cavity after the excitation |ψ 
was prepared (we consider the same state for all pairs for simplicity, but this is not essential).
Repeating the calculation that leads to Eq. (8) and assuming realG i , we now find
The derivative of n ph with respect toG 2 is of order O(N 2 
where dW (t) is a Wiener process with average zero and variance dt, and J − ψ = ψ|J − |ψ [30] . Using an Euler scheme with a time step of 0.01/γ, we followed the convergence of ψ(t) to and C appears to be negligible. Fig. 2 shows that −B increases even more rapidly than N 2 (a fit in the range N = 8, . . . , 18 gives a power law N 2.4 ). But B has to cross over to a power law N p with p ≤ 2, unless other Fourier components start contributing significantly.
Otherwise, α would become negative for δ > 0. This indicates that for large N the scaling of α is in fact N 2 for all δ.
In summary, our method still works, even if the product state (5) is not prepared perfectly.
One has the choice to start measurement immediately after state preparation, which gives an additional background of order N, or to wait a time of the order of a few 1/γ after 
with
− in agreement with the initial intuitive reasoning. If the total system is initially in a singlet state (j = 0) and the angular momentum of each of the two sets of N/2 atoms has its maximal value ℓ = N/4, we have n ph = γ∆t 3 |δG| 2 N(N + 4) .
While these states are protected by the DFS and thus do not suffer the fate of rapid decoherence of the highly entangled states proposed for QEM, it appears to be still more challenging to produce them compared to the product states (5). Our numerical simulations also show that states chosen randomly inside the DFS lead on the average only to n ph ∝ N. Therefore, it is rather remarkable that the product states (5) and the above Schrödinger cat states share the property of scaling of n ph ∝ N 2 .
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